Introduction
Mitsunori IMAOKA (Received September 1, 1981) In [10J and [l1J, E. Rees and E. Thomas have studied the divisibility of some Chern numbers of the complex cobordism classes and the homotopy groups of MU(n). The purpose of this paper is to study the symplectic cobordism theory by using their methods.
Let MSp(n) be the Thorn space of the universal symplectic vector bundle over the classifying space BSp(n), and MSp={MSp(n), en} be the Thorn spectrum of the symplectic cobordism theory, where en: E4MSp(n)-+MSp(n+l) is the structure map. Let b n : MSp(n)-+Q4NMSp(n+N) be the adjoint map of the composition en,N: E4NMSp(n)-+MSp(n+N) of Eien+b where N~n>O. Converting b n into a fibering with fiber Fm we consider the fibering (1)
Then Fn is (Sn-2)-connected, and we can determine the cohomology groups of Fn in dimensions less than 12n-2 (see Proposition 2.15).
Let Pi E H4i(BSp) be the i-th symplectic Pontrjagin class. For a symplectic cobordism class UE7r4lMSp) and a class P i ,,,,P ij EH4k(BSp) with 'L.!=l it=k, Pi,"'PiluJ denotes the Pontrjagin number of u for a class Pi,"'Pij"
Our first purpose is to obtain the divisibility of some Pontrjagin numbers of the symplectic cobordism classes by making use of the cohomology groups of Fn. As a concrete result, we have the following theorem (see Theorem 3.S):
THEOREM I. Let n ~ 1.
Theil (i) Pn[uJ=O modSfor allY UE7r 4n (MSp).
(ii) P lPn[UJ -«n+4)f2)P n + l[UJ =0 mod 24 for any u E 7r 4n + iMSp).
The divisibility of Pontrjagin numbers of some symplectic cobordism classes has been studied in [14J, [13J, [3J, [6J to investigate the structure of 7r*(MSp). For the divisibility (i) of the above theorem, E. E. Floyd [3J has proved it with some restriction by using the alternative method, and some application of the method of Floyd is considered in [4J.
The second purpose of this paper is to study the homotopy groups 7C Sn _ 1 (MSp(n)) and 7Cs n +3(MSp(n)) by using the fibering (1) 
(iii) men) is a power of2for n#l, 3 , and m (1) 
=m(3)=3.
(iv) m(n) = 1 ifn=2 k +2 1 -1 or 2k+21 (k, I~O) and n#l, 3.
THEOREM III. (i) 7Csn+iMSp(n))(n~3) has no p-torsion for any odd prime p.
(ii) The homomorphism b n *: 7C sn +iMSp(n))--+7C4n+iMSp) is epimorphic for n~ 1.
(iii) If n =2k + 21 -1 (k, I ~ 1), then b n * in (ii) is isomorphic, that is,
7C Sn + 3(MSp(n)) ~ 7C4n+3(MSp).
We notice that the assumption 27C 4n -1 (MSp)=O in Theorem II (ii) is valid for n ~ 8 by the result of D. M. Segal [12] . This paper is organized as follows. In § 1 we summarize the necessary lemmas concerning the iterated cohomology suspension investigated by R. J. Milgram [5] . In § 2 we study the cohomology groups of Fn> and in § 3 we state the divisibility of some Pontrjagin numbers and prove Theorem 1. In § 4 we consider the homotopy exact sequence concerning 7C slI -1 (MSp(II)) and 7CS n +3 (MSp(n)) and state Theorems II and III. In § 5 we prepare some symplectic cobordism classes and prove these theorems.
The author wishes to express his hearty thanks to Professor M. Sugawara for his valuable suggestions, to Professor S. Oka for his helpful advices and stimulating discussions, and to K. Morisugi for his useful conversations and encouragement. § 1. Preliminaries In this section, we summarize some necessary lemmas concerning the iterated cohomology suspension studied by R. J. Milgram [5] .
Let Ybe an (r-l)-connected CW-complex, andj: Y-+Qk};'ky be the natural inclusion. Then Milgram [5; Th. 1. 11] proved that the cofiber Qk};'kYjY of j is homotopy equivalent in dimensions less than 3r-l to the space Sk-1t><TY A Y, where Sk-1t><TYA Y is the quotient space of Sk-l x (Y A Y) by the identification of (x, Yl' Y2) with Y2, Yl) and (x, *) with the base point.
When Y=QkX for a (k+r-l)-connected CW-complex X, we can consider the evaluation map e: P Qk X -+ X and the fibering 
Therefore the Serre cohomology exact sequence of (1.2) turns out to the exact sequence
where t, (j and j are the transgression, the induced homomorphisms e* and i* composed with the suspension isomorphisms respectively, and (j is known to be the iterated cohomology suspension.
We shall use the following notations:
(1.5) (i) By a series R=(r\, r2'''')' we mean that r;'s are non negative integers with the condition r i = 0 (i ~ m) for some 111 ~ 1, and this condition will be denoted by R<m.
(ii) For a series R=(r\, 1'2,"'), we set IRI= Li~l iri'
(iii) For series R=(r\, r2,"') and S=(s\, S2,"')' R>S means that ri= Si (i>m) and rm>sm for some m~1.
Let Pi E H4i(BSp) be the universal i-th symplectic Pontrjagin class. 
Especially, we have COROLLARY 1.12. For k~ 1,
Let X be a (k+r-l)-connected space and r~2. In the diagram (1.13), set X =MSp(n+N) (N~n+2) and k=4N, . .. , 4N-3 to obtain the commutative diagram 
For any N'>N~n~l, the homotopy groups, the cohomology groups of F n • N and F".N' are naturally isomorphic in dimensions less than 12n -2, because En+N is (8n + 8N + 6)-equivalent. Therefore, for a positive integer 11, we shall take an integer N large enough to satisfy N ~ n; and we denote simply by and investigate the cohomology groups of Fn in dimensions less than 1211-2. We remark that Fn is (8n-2)-connected. 
PROOF. (i) is clear by definition.
(ii) The left hand vertical sequence is exact by the definition (2.2) of UI~. By (i), the lower square commutes. Since C~,N is epimorphic, so is b~, and the central vertical sequence is short exact. Since the central horizontal sequence is short exact as is shown in Lemma 1.8 (i), so is the upper one by the 9 lemma.
q.e.d.
Consider the central vertical exact sequence in Lemma 2.3 (ii):
LEMMA 2.4. In H8n+4i(Q4NMSp(n+N» for i<n, the following elements belong to Ker b~ = 1m r:
( 
1) V(PR)V(PS)-V(Pn PRPS ) for any series Rand
S with IRI+ISI=i,(2)
b;(V(PR)V(PS» = b;a( UPR). b;a(U PS) = (E4N)-le;,N(U PR). (E4N)-le;,Nl UPS)
(2) By the condition, x=Pn+kPREl n and 
and LEMMA 2.6. For any series R with 21RI < n, we can take elements such that
and that vn(R) for O<2IRI ~ n-3 satisfies the conditions (iii) vn(R) =P n + JRJ PR + LS<n+ JRJ11lSPS for S011le integers m s , (iv) Uvn(R) = Sq4i(UPR) + UP n (PR)2 in H4N+8i(MSp(n+N); Z2).

PROOF.
By the Cartan formula, we have
Hence we can take an element vn(R) E I~i+4IR I such that its mod 2 reduction is x and that it satisfies (iii), and then it satisfies (iv) also. Now, let b' E H8i(F n ) and v' E I~i+4IRJ be elements in (2.5). Then we can prove the lemma by showing Here two exact sequences are the ones in (1.4) for A = Z2, f* is the homomorphism in Lemma 1.15, and a, a', a" are the iterated cohomology suspensions. Since
by Lemmas 1.7 (ii) and 1.9. These two equalities imply 
Consider the commutative diagram
where b is the restriction of bn,k. Then we have the commutative diagram 
Now we can define the following classes a(R, S), b(R), c(2i, R) and d(k, R) in
(2.9) a(R, S)EH8n+4(IRI+ISIl-1(F n ) for series Rand S with R>S and IRI+ISI ~ n -1 satisfying (cf. Lemma 2.4).
(2.10) b(R)EH8(n+ I RI)-1(F n )
in Lemma 2.6 for a series R with 2IRI~n-1 satisfying 
lineal' combination of e4(k+I). V(PS)@ V(PS) (l~ 1).
Especially, for the case R =0 (the O-series), ](b(O))=l.V®V, ](c(4k,0))=e 4k .V®V (V=V(l)).
( (2.13) with k+IRI=j.
(ii) H8n+4 j +l(F n ) is isomorphic to a direct sum of some copies of Z2 with basis consisting of c(4k+ 2, R) in (2.12) with k+ 21RI = j.
( We can study the cohomology operations on H*(Fn; Zp) for *~12n-3.
We remark that the transgression r:
is monomorphic for i ~ 1211-2, by the proof of Lemma 2.3 (ii).
When p is an odd prime, the operation pi on H*(Fn; Zp) for * +2i(p-l)~ 12n -3 is completely determined by Proposition 2.15 and (2.9-13), because we can compute r(pix)=pir(x) for any xEH*(Fn; Zp) and 'r is monomorphic. Consider the operation Sqi on lJ*(Fn; Zz) for *+i~12n-3. Then we can Consequently we have the following
In the case R=O (the O-series), we have the following
where ii is the homomorphism ill Lemma 2.3 (ii).
PROOF. First, we prove the formula for P1b(0). When p=3, it holds PlV=-V(P l ) and PIPn=(11+1)Pn+l-PIPn, where V=V (1) . By (2. (1) Take a basis {x;} of Ht(Fn) which includes xo, and let {Xi} be the dual basis of HrCFn).
(2) Take a suitable cell decomposition of Fno and denote its i-skeleton by 
where (X(l) is the integer given ill the step (4).
PROOF. Consider the following commutative diagram:
Here a and 'l' are the connecting map and the transgression of the fibering (2.1) respectively, a is the iterated homology suspension, q is the natural projection and H's are the Hurewicz homomorphisms. For any class u E n t -4n+ l(MSp), (ii) For n~2,
HSn+2(F n )
where a'=a«1), 0)+(n+4)c (4, 0) .
By this lemma, we have immediately the following LEMMA 
Let n~2. Then we can take a complex K given by and a map f: K--'>F n , which satisfy the following (i)-(ii): (i) f*: H;CK)--'>HlFn) is isomorphic for i~8n+4.
(ii) The cells e~n+3 and e~n+3 correspond to the cohomology classes f*(a') and f*(c(4, 0)) respectively.
even).
ii) We can take a basis {u(3), v(3)} of a free part of 1tSn+ 3(Fn) to satisfy H(u(3))=24a' and H(v(3))=4c(4, 0), where H: 1tsn+iFn)--'>Hsn+3(Fn) is the Hurewicz homomorphism and {a', c(4, O)} is the dual basis of {a', c(4,
, and for the attaching maps lfJ1 and lfJ2, q*lfJ1 and P*lfJ2 generate the first and second summands respectively, and the orders of P*lfJ1 and q*lfJ2 are divisors of 2 and 4 respectively.
To prove the latter half of (3.6), we consider the commutative diagram . These imply the latter half of (3.6).
1' C Sn + iK) = 0 follows immediately from (3.6).
Consider the exact sequence
Then 1m 8= Ker(!/i1 vlfJ2)*=Z(24'1)EBZ(4'2) by (3.6), where 'i is a generator of l!sn+2(s~n+2) U=1,2). On the other hand, P*:l!sn+3(K')-+1'C Sn +3 (SSn V 2 e Sn +1) in (*) for ;=3 is isomorphic since 1' C Sn +3(SSn-1)=0. Furthermore 
1'Csn+3(SSnV2eSn+1)=Z2EBZ2 and one of its generators is if/[, where ifE1'C sn +2
fOl'any UE1r 4n (MSp).
PROOF. For n = 1, (i) and (ii) follow from the results of [7] , [6] on 1r4(MSp) and 1rsCMSp). Let n~2. We consider the case that xo=a' or c(4, 0) and I=S in Lemma 3.1. By Lemma 3.3 (ii), we can take a basis {a', c(4, O)} of HSn+3(Fn). When Xo = c(4, 0), we see that I1(S) is a multiple of 4 by Proposition 3.S and -r(c(4,0»=(1/2)V(Pn+l) by (2.11), hence (i) follows' from Lemma 3.1. When xo=a',I1(S) is a multiple of 24 by Proposition 3.S and -r(a') = -V(P 1 P n ) + «n +4)/2) V(P n + 1) + V(P l)Vby (2.9) and (2.11), hence (ii) follows from Lemma 3.1.
q.e.d. REMARK 3.9. In addition to Proposition 3.5 (i), the homotopy groups 1r;{Fn) can be determined for i~8n+6 by the results due to S. Oka. § 4. Homotopy groups of MSp(n)
In the rest of this paper, we study the homotopy groups 1rs n -l(MSp(n) and 1r sn +3(MSp(n) for n~ 1.
Consider the homotopy exact sequence of the fibering (2.1): 
Here i l denotes the natural inclusion and F(i,) is the fiber, and i' is the com- 
) vim(n))+2=v2(I7Cs n -1 (MU(2n))I).
Then the epimorphism b n *:
PROOF. Let F2n->MU(2n) b
2n ,Q4NMU(2n+2N) be the fibering defined by the same way as (2.1), and consider the commutative digaram
induced by c. We remark that F 2n IS (8n-2)-connected. Then we have the
In the first place, we notice that c~ is isomorphic. By E. Rees and E. Thomas q.e.d.
We shall prove the foHowing theorems in the next section by preparing some symplectic cobordism classes. (i~81l+3) has no p-torsion for any odd prime p, except for (Il, i)=(1, 7), (1,10), (1, 11) , (2, 19) alld (3, 23) .
(
In this section, we examine the characteristic numbers of some symplectic cobordism classes to prove Theorems 4.6 and 4.7.-Let ~ = ~ 1 be the universal symplectic line bundle over the quaternion projective spac~ HY;C = BSp (1) , and ~®c~®c~ be the tensor product of ~ over Hp-.c x HY" X HY" by taking ~ as the complex vector bundle. Then it is a symplectic vector bundle ~3 (cf. [14] ), and so we denote its classifying map by for some cobordism classes
We shall consider the Pontrjagin numbers Pi+j+k-t[aijk] and P t P i +j+k-2 [a ijk ].
Consider the classes Xi = qt 
by using the equality C.1'(Lk (k)= Lk(C1«(k»i for line bundles (k. Since (q x q x q)* is monomorphic and (q x q X q)*(Xk) = y~ for k= 1,2,3, we have the desired result by the above equalities.
q. e. d. 
where Ii denotes the Boardman homomorphism. Then we have On the other hand, by (5.9) and (5.6),
By (5.2) and this equality, we have
Therefore, we have the proposition by (5.8).
q.e.d. Therefore we see (i) by the induction on i + j + k.
(ii) (i) and Lemma 5.11 (ii) imply (ii). q. e. d.
LEMMA 5.14. (i) <aijk) is a multiple of <a 111 )=360for any i,j, k~ I.
(iii) L~=l <aist)(r~i)=O for r~2 and s, t~ 1.
(v) { I mod2 ifr is a power of 2,
PROOF. By Lemma 5.13 (ii), we can prove (i) and (ii) by the induction on i + j + k, and (iii) by the induction on s + t. We can prove (iv) inductively on r + s + t by using (iii) and (ii), and (v) inductively on r by using (iii) and the fact that (r~i2i) for r> 2i is odd if and only if r=2i+l.
q. e. d. By using this equality instead of Lemma 5.13 (ii), we can prove (i) by the same way as the above proof of the second equality in (ii). q. e. d.
Now we consider another example of symplectic cobordism classes defined by R. E. Stong [14] and N. Ray [9] . We follow the methods due to N. Ray.
The complex projective space CP2i-l is a weakly almost symplectic manifold (see [14] ), and so is the product TIr~1 cp2n,-I. Consider the composition where j and q are canonical maps and III is the classifying map of the tensor product of 2r copies of the canonical complex line bundle ti over CP'Xl. Then 
11,···,12r
;=1
11;-1 '
where the summation is taken over j;~O (1 ~ i~2r) withjl~ 11;-1 and j = 11 -r-1, ll-r-2. Therefore the left hand side is 0 if r~3, becausej~11-2r. Let r = 1. If 11 1 , n2 ~ 2, then the summation in the above equality is taken over Ul,h)= (11 1 -1,112 -1 (ii) By the equality in Lemma 5.17 (ii), and by a similar argument to (i), we see that By (5.10), PI P n -3[a 1 (Ill' 11 2 )] = (a 1(11 1 , 11 2 ) + (Il-2)(a 1(111' 112») for 11 ~ 3. we have (ii) by the above equalities for (a 1 (11 1 , n2» and (a 1 (n 1 , n 2 ») . -2[a 1 (1l 1 , 112) is epimorphic for n ~ 3.
Set Y1 =a l (l, 1, 1, 1), y,=a l (2, i) (2~i~6) and z=a 1 (3, 3) . Then, by using Proposition 4.2, the equalities
Pk+Z[UV] = Pk[U]PZ[v]
, Therefore the definition (4.3) of m(n) implies that m(2i)(i~ 1) is a power of 2 by the first equality, and so is 11l(2i + l)(i ~ 2) by the last two ones. m{l) = m(3) = 3 follows from the result of [7] , [6] on niMSp) and n12(MSp).
(ii) The desired result for n=2k+2'-J (resp. 2k+2') follows immediately from (i) and the fact that P.[alkl'O] (resp. P n [a 1 (2 k + 1,2 ' + 1)]) is not a multiple of 16 by (5.10) and Proposition 5.12 (i) (resp. Corollary 5.19).
q.e.d. In fact, the first inequality is seen by (*) in the proof of Corollary 4.5. We note that for any t with a(t)~2, a(t)~a(tl)+a(t2) if 1=11 +1 2 and there are tt, t2~1 with t=tl +t2 and a(t)=a(tt)+a(t2). Thus (ii) If 11=1, then 1t7(MSp)=0 by [7] , and (ii) is trivial. If 11~2, then 1ts n +iF n )=O by Proposition 3.5 (i). Thus (ii) folIows from the exact sequence for some integer x' and some odd integers x and y. These imply that Coker 0 is a finite group and has no 2-torsion. By Theorem 5.21, Coker 0 has no ptorsion for any odd prime p, hence Coker 0=0, and b n * is isomorphic. q. e. d.
